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A complex reflection group W is a finite group of matrices with
coefficients in a number field K generated by pseudo-reflections, i.e.,
elements whose vector space of fixed points is a hyperplane.
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A complex reflection group W is a finite group of matrices with
coefficients in a number field K generated by pseudo-reflections, i.e.,
elements whose vector space of fixed points is a hyperplane.

If K=Q, then W is a Weyl group.
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Weyl groups — Complex reflection groups

Finite reductive groups — “Spetses” (7)
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Hecke algebras of complex reflection groups
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Hecke algebras of complex reflection groups

Every complex reflection group W has a nice “presentation a la Coxeter”:

Gy = <s,t|(st)}=(ts)3 °=t>=1>
= <st|(st)d=(ts)3 (s—1)(s+1)=(t—1)(t+1)=0> J
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Hecke algebras of complex reflection groups

Every complex reflection group W has a nice “presentation a la Coxeter”:

Gy = <s,t|(st)}=(ts)3 °=t>=1>
= <st|(st)d=(ts)3 (s—1)(s+1)=(t—1)(t+1)=0> J

The generic Hecke algebra H(W) has a presentation of the form:

H(G) =< o,7|(07)2 = (70)3,(0 — ) (0 — 1) = (T — ) (T —13) =0 >J

and it's defined over the Laurent polynomial ring Z[u,u?], where
u = (up, u1, U2, u3) is a set of indeterminates.
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A theorem by G. Malle provides us with a set of indeterminates v such
that the the K(v)-algebra K(v)H (W) is split semisimple:

2 _ 2 _ 2 _ 2 _
Vg = U, Vi = —uyp, V5 =Up, V3 =—U3 J
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A theorem by G. Malle provides us with a set of indeterminates v such
that the the K(v)-algebra K(v)H (W) is split semisimple:

2 _ 2 _ 2 _ 2 _
Vg = Ug, Vi = —U1, V5 = Up, V§ = —U3 J

By “Tits' deformation theorem”, the specialization v; — 1 induces a
bijection

Ir(K(V)H(W)) < TIrr(W)
Xv = X
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Generic Schur elements
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form
t. We have that 1
Z —Xv

S
x€lrr(W) X

t

where s, is the Schur element associated to xy € Irr(K(v)H(W)).
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form
t. We have that 1
t = —
Z SX XV7
XEIrr(W)
where s, is the Schur element associated to xy € Irr(K(v)H(W)).
Theorem (C.)

The generic Schur elements are polynomials in Zk[v,v~!] whose
irreducible factors are of the form W(M), where

@ Vis a K-cyclotomic polynomial in one variable,

@ M is a primitive monomial of degree 0,
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form
t. We have that 1
t = —
Z SX XV7
XEIrr(W)
where s, is the Schur element associated to xy € Irr(K(v)H(W)).
Theorem (C.)

The generic Schur elements are polynomials in Zk[v,v~!] whose
irreducible factors are of the form W(M), where

@ Vis a K-cyclotomic polynomial in one variable,

@ M is a primitive monomial of degree 0,
. . aj
i.e., if M =T[;v” then gcd(aj) =1and }_;a; =0.
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form
t. We have that 1
t = —
Z SX XV7
XEIrr(W)
where s, is the Schur element associated to xy € Irr(K(v)H(W)).
Theorem (C.)

The generic Schur elements are polynomials in Zk[v,v~!] whose
irreducible factors are of the form W(M), where

@ Vis a K-cyclotomic polynomial in one variable,

@ M is a primitive monomial of degree 0,
. . aj
i.e., if M =T[;v” then gcd(aj) =1and }_;a; =0.

v

The primitive monomials appearing in the factorization of s, are unique up
to inversion.
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Schur elements of G,

S = ¢4(V0Vf1) . ¢4(V2V:;1) . ¢3(V0Vf1V2V§1) . ¢5(V0V1_1V2V3_1)

s= 2. V12V0_2 . ¢3(V0Vf1V2V§1) . ¢5(V0V1_1V2_1V3)

Pa(x) =x2+1, P3(x) = x>+ x+ 1, Pg(x) = x> — x + 1.
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Cyclotomic Hecke algebras
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H(W) is a
Z-algebra morphism ¢ : Zk[v,v~!] — Zk[y,y ] such that

¢ vj— y", with n; € Z for all j.
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H(W) is a
Z-algebra morphism ¢ : Zk[v,v~!] — Zk[y,y ] such that

¢ vj— y", with n; € Z for all j.

The corresponding cyclotomic Hecke algebra H is the Zkly,y ']-algebra
obtained as the specialization of H (W) via the morphism ¢.
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Cyclotomic Hecke algebras

Definition
Let y be an indeterminate. A cyclotomic specialization of H(W) is a
Z-algebra morphism ¢ : Zk[v,v~!] — Zk[y,y ] such that

¢ vj— y", with n; € Z for all j.

The corresponding cyclotomic Hecke algebra H,, is the Zkl[y, y~!]-algebra
obtained as the specialization of H (W) via the morphism ¢.

Proposition (C.)

The algebra K(y)Hy is split semisimple.
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By “Tits' deformation theorem”, we obtain

Ir(K(VYH(W)) < Ir(K(y)He) < Irr(W)
Xv = X¢ = X
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By “Tits' deformation theorem”, we obtain

Ir(K(VYH(W)) < Ir(K(y)He) < Irr(W)
Xv = Xo = X

Proposition

The Schur element s, , (y) associated to the irreducible character x4 of
K(y)Hg is a Laurent polynomial in y of the form

Svo (V) = Uy, y™e [T o)™,
deCy

where ¢y, € Zk, ay, € Z, ny, » € N and Ck is a set of K-cyclotomic
polynomials.
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Rouquier blocks

We call Rouquier ring of K the Zg-subalgebra of K(y)

Ri(y) = Zkly,y 1, (y" — 1);2]
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Rouquier blocks

We call Rouquier ring of K the Zk-subalgebra of K(y)

Ric(y) = Zly,y 1 (v" — 1);4,]

Definition

The Rouquier blocks of the cyclotomic Hecke algebra H are the blocks of
Rk (y)Hy,
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Rouquier blocks

We call Rouquier ring of K the Zk-subalgebra of K(y)

Ric(y) = Zly,y 1 (v" — 1);4,]

Definition

The Rouquier blocks of the cyclotomic Hecke algebra H are the blocks of
Rk (y)Hs4, i.e., the partition BR(H,) of Irr(W) minimal for the property:

h
For all B € BR(Hy) and h € Hy, Z Xj—() € Ri(y).
xeB Xo
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Let p be a prime ideal of Zg.
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Let p be a prime ideal of Zg.

We denote by B,(H,) the partition of Irr(W) into p-blocks of Hy
(i.e., the blocks of the algebra Zkly, y 1]y Hy)-
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Let p be a prime ideal of Zg.

We denote by B,(H,) the partition of Irr(W) into p-blocks of Hy
(i.e., the blocks of the algebra Zkl[y,y ]pHy)-

Proposition

The Rouquier blocks of Hy is the partition of Irr(W) generated by the
partitions By(H ), where p runs over the set of prime ideals of Z.
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p-essential monomials
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p-essential monomials

Definition
A primitive monomial M in Zk[v,v~] is called p-essential for VWV if there
exists an irreducible character x of W and a K-cyclotomic polynomial W
such that
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p-essential monomials

A primitive monomial M in Zk[v,v~] is called p-essential for VWV if there
exists an irreducible character x of W and a K-cyclotomic polynomial W
such that

Q V(M) divides s, (v)
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p-essential monomials

A primitive monomial M in Zk[v,v~] is called p-essential for VWV if there
exists an irreducible character x of W and a K-cyclotomic polynomial W
such that

Q V(M) divides s, (v)

Q@ V(1) ep. )
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p-essential monomials and p-blocks

Maria Chlouveraki (EPFL) Families of characters for cyclotomic Hecke



p-essential monomials and p-blocks

Set A= Zk[v,v7!] and let B,(H) be the partition of Irr(W) into
p-blocks of H(W) (i.e., the blocks of the algebra A,H(W)).
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p-essential monomials and p-blocks

Set A := Zk[v,v71] and let By(H) be the partition of Irr(W) into
p-blocks of H(W) (i.e., the blocks of the algebra A,H(W)).

Theorem (C.)

For every p-essential monomial M for W, there exists a unique partition
BQ”(H) of Irr(W) with the following properties:
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p-essential monomials and p-blocks

Set A := Zk[v,v71] and let By(H) be the partition of Irr(W) into
p-blocks of H(W) (i.e., the blocks of the algebra A,H(W)).

Theorem (C.)

For every p-essential monomial M for W, there exists a unique partition
BQ”(H) of Irr(W) with the following properties:

© The parts of B{JV’(H) are unions of the parts of By(H).
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p-essential monomials and p-blocks

Set A := Zk[v,v71] and let By(H) be the partition of Irr(W) into
p-blocks of H(W) (i.e., the blocks of the algebra A,H(W)).

Theorem (C.)

For every p-essential monomial M for W, there exists a unique partition
BQ”(H) of Irr(W) with the following properties:
© The parts of BQ/’(H) are unions of the parts of By(H).

@ The partition By(Hg) is the partition generated by the partitions
By(H) et By!(H), where M runs over the set of all p-essential
monomials which are sent to 1 by ¢.
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p-essential monomials and p-blocks

Set A := Zk[v,v71] and let By(H) be the partition of Irr(W) into
p-blocks of H(W) (i.e., the blocks of the algebra A,H(W)).

Theorem (C.)
For every p-essential monomial M for W, there exists a unique partition
BQ”(H) of Irr(W) with the following properties:

© The parts of BQ/’(H) are unions of the parts of By(H).

@ The partition By(Hg) is the partition generated by the partitions
By(H) et By!(H), where M runs over the set of all p-essential
monomials which are sent to 1 by ¢.

Moreover, the partition B,’OV’(H) coincides with the blocks of the algebra
AquH(W), where qp := (M — 1)A + pA.
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The example of G,

We denote the characters of G as follows:

X1,0, X1,65 X1,3» X1,3"5 X2,1, X2,2-
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The example of G,
We denote the characters of G as follows:

X1,0, X1,6, X1,3/» X1,3”5; X2,1, X2,2-

Schur elements: 2-essential in . 3-essential in

S = ¢4(V0Vf1) . ¢4(V2V:;1) . ¢3(V0Vf1V2V§1) . ¢5(V0V1_1V2V3_1)

=2 V12V0_2 . ¢3(V0Vf1V2V§1) . ¢5(V0V1_1V2_1V3)

Pu(x) =x2+1, d3(x)=x>+x+1, dg(x)=x>—x+1
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The example of G,
We denote the characters of G as follows:

X1,0, X1,6, X1,3/» X1,3”5; X2,1, X2,2-

Schur elements: 2-essential in . 3-essential in

S = ¢4(V0Vf1) . ¢4(V2V:;1) . ¢3(V0Vf1V2V§1) . ¢5(V0V1_1V2V3_1)

=2 V12V0_2 . ¢3(V0Vf1V2V§1) . ¢5(V0V1_1V2_1V3)

Pu(x) =x2+1, d3(x)=x>+x+1, dg(x)=x>—x+1
d4(1) =2 ds5(1) = 3 de(1) =1
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The 2-essential monomials for Gy are:

. -1 . —
My :== vov; = and My := wvavg
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The 2-essential monomials for Gy are:
My = —1 d M> = -1
1:= WV an 2 = Wav3 T

The 3-essential monomials for G, are:

o -1,.-1 o —-1,-1
Mz := vov; “wovg ~ and My == vov; v, T v3.
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The 2-essential monomials for Gy are:
M; = vovl_1 and M := vovg
The 3-essential monomials for G, are:

o -1,.-1 o —-1,-1
Mz := vov; “wovg ~ and My == vov; v, T v3.

Monomial BY(H) BY(H)
1 (X2,1, x2,2) -
M, (x1,0,x1,3), (x2,1:x2,2), (X165 X1,3") -
M, (x1,0, x1,37), (x2,1,x2,2), (X1,6, X1,3") -
Mz (x2,1, x2,2) (X1,0, X1,6 X2,2)
My (x2,1, x2,2) (X133, X1,37, X2,1)
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P° vy vary
vi—1l w1
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P° vy vary
vi—1l w1

The only essential monomial sent to 1 is My. Thus the Rouquier blocks of
HG, are:
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P° vy vary
vi—1l w1

The only essential monomial sent to 1 is My. Thus the Rouquier blocks of
HG, are:

(x1,0), (x1,6), (X1,3» X1,375 X2,1, X2,2)-
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P vy Vary
vi—1l w1

The only essential monomial sent to 1 is My. Thus the Rouquier blocks of
S .
H¢ are:
(x1,0), (x16) (X135 X1,37, X2,15 X2,2)-

Determination of the Rouquier blocks of the group algebra
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P vy Vary
vi—1l w1

The only essential monomial sent to 1 is My. Thus the Rouquier blocks of
Hj, are:

(x1,0): (x1,6), (x1,3s X1,375 X2,1, X2,2)-

Determination of the Rouquier blocks of the group algebra

cZ)W: vw—1l w1
vi—1l w31
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P vy Vary
vi—1l w1

The only essential monomial sent to 1 is My. Thus the Rouquier blocks of
H; are:

(x1,0): (x1,6), (x1,3s X1,375 X2,1, X2,2)-

Determination of the Rouquier blocks of the group algebra

cZ)W: vw—1l w1
vi—1l w31

All essential monomials are sent to 1. We have:
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P vy Vary
vi—1l w1

The only essential monomial sent to 1 is My. Thus the Rouquier blocks of
H; are:

(x1,0): (x1,6), (X1,35 X135 X215 X2,2)-
Determination of the Rouquier blocks of the group algebra

cZ)W: vw—1l w1
vi—1l w31

All essential monomials are sent to 1. We have:

#2 2-blocks  (x1,0, X1,6> X1,3'5 X1,3): (X2,15 X2,2)
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P vy Vary
vi—1l w1

The only essential monomial sent to 1 is My. Thus the Rouquier blocks of

S .
H, are:
(x1,0): (x1,6), (X1,35 X135 X215 X2,2)-
Determination of the Rouquier blocks of the group algebra

cZ)W: vw—1l w1
vi—1l w31

All essential monomials are sent to 1. We have:

#2 2-blocks  (x1,0, X1,6, X1,3'5 X1,3")> (X2,1, X2,2)
#2 3-blocks  (x1,0, X1,60 X2,2), (X1,3s X1,375 X2,1)
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Determination of the Rouquier blocks of a cyclotomic Hecke algebra

P vy Vary
vi—1l w1

The only essential monomial sent to 1 is My. Thus the Rouquier blocks of

S .
H¢ are:
(x1,0): (x1,6), (x1,3s X1,375 X2,1, X2,2)-

Determination of the Rouquier blocks of the group algebra

d)W vl w1
vi—1l w31
All essential monomials are sent to 1. We have:

#2 2-blocks  (x1,0, X1,6, X1,3'5 X1,3")> (X2,1, X2,2)
#2 3-blocks  (x1,0, X1,60 X2,2), (X1,3s X1,375 X2,1)
#1 Rouquier block (x1,0, X1,6: X1,3"> X1,3"5 X2,1, X2,2)
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